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1.ABSTRACT

UThe f1orst part deals with a class of divisor problems. The aver 'ge
of the divisor function (the number of representations as a product of
ktactors) over numbers of the form p-a, p3>c (p~prime) is tied up

with a certain conjecture about the distribu ion of primes in
ari±thmetic progressions.

'.U) The second part describes some interesting numerical work by
j.W. Porter in connection with Selberg's sieve which, when joined with
some recent theorems of Halberstam an4 Richert, yields new results in
additive prime number theory. This W4c4rk will appear in Acta Arithmetica
P1orter also outlines progr'-ss towards an improvement of the Selberg-
Buchstab approach to the lower-bound iieve.

'U!"The third part is a survey by H. Halberstam of recent progress,
largely due to Richert and himiself, towards the notorious Hypothesis H
o. Schinzel concerning prime values assumed simultaneously by numbers

L of integer valued polynomials.
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Chapter 1 deals with a class of divisor problems.

The average of the divisor function Tk (the number ofI
o(representations ae a product of h factors) over numbers

of the form p- a, p 5 x Q) prime) is tied up with a

certein conjecture about the distribution of primes in

arithmetic progroesions. This work is to appear in the

Proc- of the Lo-don Mathematical Society.

Chapter 2 describes some interesting numerical

work by J.W. Porter in connection with Selbcrg's sieve

which, when Joined with some recant theorems of Halberstam

and Richert, yields several rcmarkably good new results

in additive pri:ne number theory. This work will appear

in Acta Arithmetica. In this Chapter, too, Porter outlines

some progress he is beginning to make with an improvement

of the Selborg-Buchatab approach to the lowor-bound sieve.

Chapter 3 is a survey by H. Halberstam of recent

progress, largely duo to Richert and himself, towards the

notorious Hypoth3siS H of Schinzel concerning prime

values assumed siziultanoously by numbers of integer

valued polynomials. The progress has taken the form of

approximating to the classical questions in terms of

results about al:ost-primes; and sinilar approximations

with respect to othor questions in prime numbor theory

are described.



i. DIVISOR SUMS

Let k be an integer greater than one, and denote by

'r. (n) the number of ways of exprossing the positive

inteoer n as the product of k positive integers, having j
regard to the order of tho factors. Write T (x) for

a, k

the sum

T. k(P-a)
a<n<x

where a is a positive integer.

Porter has obtainod an asymptotic formula for T (x)
a,k

on the basis of the following hypothesis (Hk):

If M(x;d,h) donotes the number of primes less than

x congruent to h modulo d, then there iixists a number

B - B(k) such that I
lix i

- max I I(x; d,h) - [-. 1: 46

dSx 1-1/k (log x) -B l<h<d log '

Theoron: If (Il) is true, then, as x c, -

T (x) 1 ( + P' 1-(P-1) k-I k-i x k-2
a pka p k (p-i) pla P

We begin with the rer.r•aer that

T-(n) 1

=N,. 1+I0 l
tl._lJ<th.t2 <44•.<to 0 ? t2 ...t k-l=n

to • •j ...t 11l= n
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ka (X/k 1+

p t ziod t1  t? t2

t ~ -~I_ <(l/t IC1 l/(k 1

- .- -f0 -kk-i

'16~~~~~ tmf3Lx/t
2  nx t2 't U

<ha -aits-

tj ~ ~ o(t1, (pa / 0 ~ t-) t) t, )/

where we wr~to a mo d the (-)t2 l ... ao symbol

kk-



It follows from (1) that

Twe k(x) a, (iix,; +kl-k -k-S 3 + 0(xlogk'3 x) (2)

where

(tj t..t A.S 0"I~)~ t2 k-l~¶* *t

t ( ... tk, -,,a) 0 -. t, tk-1)

and

S3  i •* i(a+th ... t-,_;tI t ... tkt-,,,). (5)

We remark that if +1 ,* ,...,tk are subject to the

conditions of sun-aition of Z*,

t t .. .z t < x (6)

We now prove a let=a (which we shall require in the

estiuation of N in Lemma 2) ConcorninZ sums of the form

G(Y) E I a (l+f(p)) (7)
c<t<Y t pjbt

where b,c are positivo integers, (b,a) I and f(p) satisfies

the inequality

0< f,() < (8)

Ler--a.

Under the condition (8),

P)~

+ db 0 .(d) , (9
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P roof,

Define f(d) for square-free d by demanding that f be

multiplicative, so that

GIY) = . 1 E 1(1 )f(m).
o<t(Y t mjbt

In the inner smmation write m = d6, where d~b, 61t,

and (d, t) 1. We f:,nd

G (Y) (d f (d E2 (6) f(6)
dib C<t<Y 61t

(t,ad)=l

= Z •Z(d) f(d)Hd(Y)' (i0)
dlb

writing

Hd(Y) = £ j.2 (8)f(6)
o<t<Y 6 5 t

(t, ad)=l

S E TI n (Q+f(p)))
o<t<Y t pit

(t, ad)=l

We now define a multiplicative funotion g on the square-free

integers by setting

gf(p) if pkad
g(p) -

-1 if plad

so that

Hd(Y% < 1 T (1+5(p))

c<t<Y p t

c~t<Y t must

o<mn<Y mn

• " - %(11)

4



whore

•<y n)(n

and mn

Now

n<y n -X<Y/n

"" .,.. L-2 (m) X (M)
r Z1 n n m

m= 1 ~n<Y Y mY/

It follows, after sorie manipulation of the error term, that

fit= • • log Y + 0O(1) + 0 o(r (d)
m= _t

A similar calculation for H1, together with (11) shows that

Hd(Y) " f(i+ Z&SR){log + 0(1)1+ O(r(d))d P

The conclusion of the Loeuta now follows without difficulty

from (10).

Lemma 2.

1k-i k-1l - -
1c(kl) p1-a p pi l loglx + O(log X).

Proof.

We shall writo, for r * 1,2, ... ,k-2, and b,c positive

integers coprime to a,

Tr r x b c L/ .. /r<tr<(X/b)/r tr<t rO <•/btr)/ <tr

((1 , a):l
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We further define TI C(xb,c) by tho above equation, save

that the first sunrxation symbol is replaced by

We note that S¶ ThCl(x;1,1). cWo &hall prove by induction

on r that

T r(x;b,o) b flbI r r~li
r Cbr)pjb bc~

4.O( d b I''l(J•d(d) ]° r l x ,( 2

where

c , ) p p- Ia P /

and
= (D-I

fr prr+(pl)

Tho leirma then follows from (12). Thr truth of (12) for

r x I is an im..ediato consequence of Lerima I. Suppose there-

fore that (12) in true fer r - R. Then

T' (x-bo) CRR) b (1+t R(p))IogR( -+2)TR÷1 (xb') €t<(X/b)1/(R÷2) btplbt b

(t, e)-'l

t px bt dtbt

If we write, for R > 0,

G (Y) fl (1+fa(p)),Ro<t<Y t pjbt

(t,a)-l

we have for the r.main tern. of (13)



7

C(RI Xj~ RI x'
bo2,'\ dGR(ft2 )

c ýbt

1 (R+ 2)2

b bt

C(R+1)c 1+fR) Mo cR+l + bd-- r(R) )R
b R+ IRt 0(d) "•

plb dlb b

on applying Lemma 1.

The error torn in (13) can be easily shown to be

\b d Od1b

This completes the induction step and the proof of the Lemma.

L,- ma 3.

-53 O(xlogk-3 x).

Proof:

By the Brun-TitcI.arsh theorom,

t t- ... tIC_1
S3 < E* 0 (t t2 ... tk1 l')logtI

whence the result follows without difficulty.

Le ma a.

On the hypothesis (H€),

= o(xiog 2-)

Proof:

We remnrk first that the sumcation over t, in Sz may

be restricted to the range

S ... )-2B )/2
(X~log-i
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since the contribution of the remaining values of t1 may

be shown to be O(xlogi 3 , loglogx), by an application of

the Brun-Titchmarsh thooren.

If we write

E(x,n) = ax M~x; n, a)- li,
l<a<n

we have

, "- E TB.l W)E(x,n) + 3 logk-3 x log logx (14)

n<x k(logx)-B

By the Cauchy-Schirarz inequality and Hypothesis (Hk),

E ~ ,I-1 (n)E (x, n)

-B
n<x 0(So x)

D<Xk1
n<xl-k (log x) -B

"K x 1/ / 1 /( x) -J½(tc -4k+6)

nrx

k ) 1 
l g ) ( ~ k E

.K xlog 2 x.

The theorem now follows from (2) and Lernas 2, 3 and 4.



2. THE SMALL SIEVE

shown the importance of the solutio-is of certain differential-

difference equations and parameters defined in terms of

them in the Selborg lower-bound sieve method.

For each x > 0. let a (u) denote the (continuous)

solution of the difforential-differonce equation,

(u'1 t(u)),' = -- u'_ 1 ax (u-2), (u > 2)

2 "Xe'YX K
a, (u) r(_(,_l u . (0 < u < 2).

Further let v denote the (unique and positive) solution

of the equation

11 (X) a X f (a l) - tX-1 dt - 1.

Porter has investiCated these functions on a computer and

has extended the table of values of V Xtas far as x = 16.

He has also found and corrected what appears -to be a

systematic error in the table of values of c (u) given by

Ankeny and Onishi.

The results of those calculations have a number of

consequences of which some of the most interesting are

summarized in the

Theorem:

(i) There are infinitely many primes p such that

(p+2)(p+ 6 ) is the product of at most 7 prime factors.

(ii) There are infinitely many n nuch that (8n+l)(n 2 +n+l)

is the product of nt most 6 prime factors.

(iii) There are infinitely many primes p such that

(p+2)(p 2 +p+l) is tCe product of at nost 9 prime factors.
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B. Poeter hac now obtained a lower bound for the

'non-linear' sieve which is slightly superior to that

given in the Third Quarterly Report. As usual, we suppose

that we have a sequence A of integers and a set P of primes

for which we can find a number X, a multiplicative function

w(d) and numbers .d satisfying a number of conditions of

which the most important are the following:

(i)d i

(ii) There exists a numbor nt > 0 such that

l ~~.ogp P ;C log X+ 0 (l)p.~x P*

(iii) There exists a nuw.bor C suxh that

(dV( (d) IRd X (~+
(d)q(d ldl ' O(loz X+l x

where V(n) denotoe tho nunbor of prime factors of n.

We seek upper and lower bounds for the quantity

S(.6A ;P,z) - ~{ec; qia and (a, IIp =iI
pPE

p4Zj

As before we let, for r - 2,3

W-,;r(X) = K j " t' 1 r, -,(t-1) dt,
x

interpreting nr,1( 6) as -i (x).

We suppose that the equation

o (a I+ j, (x)

has a unique root (a conjecture that is supported by



nurierical evidence, at least for snall x) . Then starting

from the second iteration of the Buchstab identity in the

form

S (A :PZ) S 2(; 4,z S(A _;~,E,2

P<9 l(l+xx)

S(, P22CE PI
74 42z <R% <z zS p<z

P, <g 9E SP

we obtain the follouinZ bounds:

S(- _q) _ r, (2I-x ( p-L.Sp2 < 1•\l + error terms

and

S( qC) Z)1 (1 Lf , ( ~)+ error terms,- q p1) U ~og zt

with

F(u) = l+ TI (u)

and

K (X~+1)x
I n -- (% +1) u

)tu ~ l~ U) + tlxK ) ( K +1) Y 9

-1n R1, GO (u > 3X +1)

Numerical invostigation of these functions and their

consequences in the ap•licationn of the sieve is in

progress.
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3. THE SMALL SIZVZ: PRGOiCESS TOWAIIDS HYPOTHESIS H

(i), Prime number theory studies the distribution of primes

in sequences of natural numbers, such as N itself, arithmetic

progressions and polbyno:-ial sequences (nuch as n•,, 1, n _; • I
An extensive range o-Z such quostions is embraced by

Hypothesis H (Schinzal 1958)

Let fi, ... ,f be distinct, irreducible polynomials E Z [xJ

(with positive leadin-g coefficients) and suppose that fl ... f

has no fixed prime divisors, Then thoro exist infinitely

many integers n such that oach f (n) (i = 1,...,s) is PRIME.

When g 1 and G (n) = an+ b, with (a,b) : 1, H asserts

in effect that the arithnmetic progression an+ b (n = 1,2, ... )

contains infinituly rany primos; this was proved by Dirichlet

in 1837 and is the o case of H known to be true;

The genoral case Z = I was conjoctured as long ago as

1857 by Bouniakovehy; an interesting particular case would

be n2+ 1 = p infinitoly often (to be written i.e. for short).

The case of g linoa' polynomials was first conjecLured by

Dickson in 1904; with g = 2, f (n) a n and f2 (n) = n+ 2 we

should obtain the pri.io twins conjecture.

Let us write F a f, ... f . and let PT denote an almost-

prime of order r, ta;t is, a number having at most r prine

factors, counted according to multiplicity. Then H asserts,

subject to the stated conditions on F thatg

(1) F. (n) - P i.0.S~g

Although experimerntal and heuristic ovidence suggests not

only that (1) is truo but that it is true vory often indeed
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(H has been formulated in. quantitative form by Bateman and

IHorn), H appears to "--, at the presont state of knowledge,

.i- ..- + •,•,•,,=l d' 1t. Nevertheless. let us formulate

a companion conjecture, H*, which, if anything, lies even

deeper!

Hypothesis H*

Let p (p) donote t'-o number o-" solutions of the congruence

F(x) W O modp, 0 < x < p and suppose that p (p) < p for all

primes p (as in H), as well as that p (P) < p- 1 if PýF (0)

(this roquiremont can '3e aonn to be essentially necessary).

Assume that f(i(n) -f n (i 1,

Then

(2) . (M) P i.o.

It is easily son that the case S 1, fi linear leads,

in particular, to the prirme t,,ins conjecture (again) and to

Goldbach's conjucturo,

The object of '.-:L:s survey is to describe the currently

best known approXitc-tior-s to NI and H*; though far short of

what is probably tr-ae these approximations - of type

(F U) Ph i.e.

and

(2'1)) = Ph* i.oe.,

where h = h(Mg,k) candc h*(Q,I:) (Is a deg F ) - are

nevertheless of such t. qunlity as to ropresent, I believe,

results of intrinsic ±!:ctrost.

(ii) Results: g 1

Here, for tho caso of a singlo irreducible polyxio,nial

F, = (f, ), we obta±-- ti-c sharpest results. An acccunt of the

method of proof is to be found in H.-B. Richert (athematike 1969)
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where theorem 1 bololl, va woll as the corollaries of theorem 2,

are stated explicitly.

:nd h, ::::o 1 I"fd.1 F! , t under tho conditions in H; J
k N ~~~(n) " 7 + ~ .

11nd. under the conditio:is of Ft,

ri F (P) - P 21C+I i.o.

Thus, for example, 4. + I = P3 i.o., and p + p+l = Pe i.o

In the linear case of H* we have

"Theorem 2 If a') 3 0, (a,b) = 1 rnd 2 ab,

ap+b = P 3  00e.

of the prime factors o: 23, none 13 loss than (.iN)I/ 8 ; in fact,

P3 in either a P 2 or ha - Anon-rupatod) prime factor between

(i N) 1/8 and (XiN)3/ 8 . lioroovor,

1pP P x, ap+'a 2) H-p - 2pb 2 }log'7 _xS2<plab

(x > X).

As contributio-•s towards the pri:ne twins and Goldbach

conjectures one can show in this way that

Corollary 1 p+ 2 N P3  i*e.

and

Corollary 2 If n is a -.rgo a nouh oven natural nurmber, then

n can be represented ±.- the fort.n

-u p+Pj.

Let us take a 8 and b = . in thtorori 2. There is an

interesting connoction• here with anothor old conjecture in

rnultiplicative nunbor th.eory: nacwily, that if d(n) is the

Dirichlet divisor fUtction, then there exist infinitely many n



15

such that d(n+l) od(-. Iow if wa could be sure in theorem 2

that the P3 is, io., tCo product of three distinct prines,

we should have ir.:ociatos T proof.' of thiA nn-&e+--. a -
I[

it is, -ill we can deduoo is that either tho conjecture is

true or 8 p+ I = Fz i.o.•.

(This observation aroDe ZroLi a coanvcrsation with Professor

Mirsky and Dr. Vau:..)

Intuitivoly, .-:o would expect botter results if one

considered instead of polynoLmials in a single variable, forms

in several variablos. In confirr.mationx we have

Theorem 3 (G. Gree.eoa - J , of Nx-ibor Theory 1971) If F is

an irreducible forr.2 E Z[xy] of doerec !. > 3, without fixed

prime divisors, tX'o;

D'(z'; n) " ~ 'P[2.i ]+1 .0.

For example, if 1,- 3, ?(n, n) = P 2  ±.o.

(The case of quadratic forna vras alroady settled by do la Vallee

Poussin.)

(iii) Results: g > 1

H.E. Richert a_'d I .ave dovolopod and refined the nethod

of Ankeny and Onish?. (Acta Arithrmotica 1964) to yield all

the results listed 7clovr; a full accoun+ of the method and

of tho proofs will bc giv=n in a forthconing book by Richert

and nyself on Sieve ict:-ods. To -air. the maximum precision

from the rnothod on-3 :t have rocourso to numerical integration;

this has been done for sovora. special ?roblens in the theorem

of Section 2A. Thero is another mothod which yields results

as general as thooe 1istod below, cue to Miech (Acts

Arithmetica 1964); Int our results are always at least as

good as his, and miostly better.
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Theorem 4 Lot ai,;i (i ,be integers

satis 7fying

1 C% g (a b, ab jl

If the pokononial I (U. i+ hi) satisfies the conditions in H,

it is infinitely often a Ph 2rovided

(3) h - h(Z) > (a+l)ogv + - ;

and if it satisfios the coziditionrs of H*, then nI (aip+ bi)
i=1

isinfinit,_ely oftV. Y -,,provided

( 4 * = h S > ( . J ) l z 2 V + I - i ( g/

the V -1ccurrinc; in (3_ and 4M increases with g, nnnd

v g--2.44 .... p L; " (see Teble 1 p. 18) I
For fixample, iwo have h(3) 1 0 and h*(3) - 14 as

adnissible choices in theoorem 5. Ta'lo 2 provides such

information for oth-ic valueas of G. For 5 very large, we see

that

b(• Z lo g Z + (1 gg892 .)

Theorem 4 is a opecial case of the following quite

general result.

T If i sati.fies the conditions of H, then

infinitely often F,,(n) Ph provided (k = dcgF )hg

h - h(g,k) > Z; log + k ,,9g

and if F satisfieo t7e conditions of H*, then infinitely

often, F (P) - P ravidad

Sh*(g,k) > g(2+( )og 2 kk- 2 k
g
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With the hel-_ of Tabla 1, hiany numoricel- illustrations

may be constructeC. Hare aro two spcial results where

maximum precision hcs boen sacrificod to simplicity of form:

if k > 5, wo have

in the case of H; amd, in tho caso of Ii*,

Fa (P) ":[2!:+2 log 7lc]+3 ± .

I
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V/g

1 2,.o06... 2.06...

2 4.12.., 2.21...

3 6.850.. 2.28...

4 9,32 ,,, 2.3"•, •

"" 80.., 2.36.

6 14.28... 2,38...

7 i6,77.. • 2.39...

8 19.25... 2.40...
9I9 21t.74..•. 2,.41...

10 24.22... 2.42...

11 26.70... 2.42...

12 29.20... 2.43...

13 31.68... 2.43...

14 34.15.., z.43...

15 36.62... 2.44...

16 39-09... 2.44...

Thblo 1I

1 2 5 . 7 8 9 10

h 2 6 1. :5 19 2 4 29 34 39 45
h* 4 9 .k P c 27 33 39 46 53 60

Tablo 2



(iv) Relnted results

Th,: nethods for -proving the results of section 2 (the

terms of almost-pri:.:;is, to tCie fanious classical problems

concerning gaps botwoon consecutive primes, and the leapt

prime in an ariti'.t-c 'rogression. Theorems 6 and 7 are

slight refinements of tio thooror.:s in the paper of Richert

cited earlier. The refinement anount" to introducing some

control on the multi-21icity of the prime factors of almost-

primes, and is tiado i-.ossible by applying some old results

of Roth and Halberstan-Roth o. Saps between consecutive

k-free numhers (j. Lo.-dcn IPith. Soc. 1951)

Theorem 6 Let rCI) denote a k-free almost-prime ofr

order r. Then there is a

p2) in [I_ 6/ , x) for x > x

p(3) in [:I- x4/11, x) for x > x3 ,

P4• in [3,-x 3 /2 , x) for x > x4,

and a
1

P ([½(r+l]) in [X_-.r-(2/7), x) for x > xr r >

These results s':ould be compared with the recent result

of H. Montgomery, accordin• to which there is a prime in

[x- ;.5 x) if x > x ().

Theorem 7 Sqp-ose t!at a an,. b are conrime natural

numbers. Then the arith'.etic r~rogression b moda contains a

P?(2) < '111/5 > c,) p 3(2) < a 117(0 a3,

+ 1
P4 5 n 11/8 (a >_ a4) andl a Pr < a- r-r977 a r' r- )



20

Those results loiould be neasurv d against Linnik's famous

result which, in a later forn, states that the progression

b mod a contains a r-ri.e p < a7'7; and the result of Elliott

and Halberstan according to whic'. the least prime p(a,b) in

Lhe arithmetic prograssion bmod a satisfies

p(a,b) < (a) log a.(a) (a > ao)
0

with 6(a) any positive function tandinZ monotonically and

arbitrarily slowly to ®, for asyr.-.'totically •(W) progressions

b mod a, for almost all a.

Fluch has proved recently that bnroda contains a

p(2) < a 3 /2; it would bO interestinZ to see whether the P4

in theorem 7 could be chosen squarefroo - this is probably

rather difficult. Not only should we then have an improvemient

of Fluch's result, b"ut also of the old Prachar-Erdos result

concerning the least squarefree number in an arithmetic

progrossion.

To illustrate the versatility of the modern sieve

method, let ne conclude by quoting the following recent

result:

Theoren 8  (Do0'ouillers 1971 - unpublished) If a is

irrational, there o.xist infinitely many integers n. such that

[an? P5 I
'In
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